Abstract. In this paper, we first find an estimate for the range of polyharmonic mappings in the class HC 0 p . Then, we obtain two characterizations in terms of the convolution for polyharmonic mappings to be starlike of order α, and convex of order β, respectively. Finally, we study the radii of starlikeness and convexity for polyharmonic mappings, under certain coefficient conditions.
Introduction
Let F = u + iv be a 2p times continuously differentiable complex-valued mapping, where p ≥ 1, defined in a domain D ⊂ C. The mapping F is called polyharmonic ∂y 2 . For a simply connected domain D, it is well known (see [10, 21] ) that a mapping F is polyharmonic if and only if F has the representation
where G k are complex-valued harmonic mappings in D for all k ∈ {1, · · · , p}. The mappings G k can be presentented (see [11, 12] ) in the form
where all h k and g k are analytic in D for all k ∈ {1, · · · , p}. Clearly, if p = 1, then we have the usual class of harmonic mappings and, for p = 2, we obtain the class of biharmonic mappings, as special cases. The biharmonic equation is related to numerous modeling problems in science and engineering. For example, it arises from certain problems in solid mechanics, and also from the theory of steady Stokes flow (i.e., speed ≈ 0) of viscous fluids, where it is the equation satisfed by the stream function (see e.g. [15, 17, 18] ). In the geometric function theory, the class biharmonic mappings can be understood as a natural generalization of the harmonic mappings, but it has only recently been studied from this point of view (see [1, 2, 3, 6, 7, 9] ). The reader is referred to File: starlikeness.tex, printed: 12-2-2013, 1.33 [8, 10, 21] for the properties of polyharmonic mappings, and [11, 12] for basic results on harmonic mappings.
For r > 0, write U r = {z : |z| < r} (r > 0), and let U := U 1 , i.e., the unit disk. Let S H denote the set of all univalent harmonic mappings f in U, where
which is constructed by shearing the Koebe function k(z) = z/(1 − z) 2 horizontally with the dilatation w(z) = z. Note that K maps the unit disk U onto the slit-plane
This paper is organized as follows. In Section 3, we generalize Theorem A to the class HC 0 p of polyharmonic mappings. The main result of this section is Theorem 1. In Section 4, we obtain two convolution characterizations for polyharmonic mappings to be starlike of order α and convex of order β, respectively. 
Preliminaries
In this paper, we consider the polyharmonic mappings in U. We use H p to denote the set of all polyharmonic mappings F in U with a series expansion of the following form: F (re iθ ) = 0 whenever r ∈ (0, 1), is said to be convex if the curve F (re iθ ) is convex for each r ∈ (0, 1).
F (re iθ ) = 0 whenever r ∈ (0, 1), and
In 
Coefficient estimates
Now, we will generalize the Theorem A [12] Proof. Let F ∈ HC 0 p , and let r ∈ (0, 1). Write
Then F r is harmonic. By the hypothesis and (2.3), F ∈ HC 0 p , which implies
i.e., F r ∈ C 0 H . As in the proof of Theorem A, we see that the range F r (U) is convex. Thus, if w ∈ F r (U), a suitable rotation gives
where c 0 = −e iθ w and c 1 = e iθ . Following the proof of Theorem A, we get
or |w| ≥ 1/2. This proves the result. 
Convolution characterization
In this section, we obtain two convolution characterizations concerning polyharmonic mappings which are starlike of order α, and convex of order β, respectively.
Definition 3. ([19])
We say that a univalent polyharmonic mapping F with F (0) = 0 is starlike of order α ∈ [0, 1) with respect to the origin if
Definition 4. ([19])
A univalent polyharmonic mapping F with F (0) = 0 and ∂ ∂θ F (re iθ ) = 0 whenever r ∈ (0, 1), is said to be convex of order β ∈ [0, 1) if
for all z = re iθ = 0.
for all z = 0 in U and all ξ ∈ C with |ξ| = 1.
at z = 0, the condition (4.1) is equivalent to the condition
for all z = 0 in U and all ξ ∈ C with |ξ| = 1 and ξ = −1. By the hypothesis that F is univalent in U, we get that F (z) = 0 for z ∈ U \ {0}. Then, (4.4) holds if and only if
for all z = 0 in U and all ξ ∈ C with |ξ| = 1. Straightforward computations show that
from which we see that (4.4) is true if and only if so is (4.3). The proof is complete. 
then F is sense-preserving, univalent and starlike of order α. The result follows from Theorem 2 and Lemma B by a straightforward calculation. In fact, this case is already covered by Theorem B.
F (re iθ ) = 0 for all r ∈ (0, 1). Then F is convex of order β if and only if
at z = 0, the required condition (4.2) is equivalent to
for all z = 0 in U and all ξ ∈ C with |ξ| = 1 and ξ = −1. Note that ∂ ∂θ F (re iθ ) = 0 for all r ∈ (0, 1). Then, (4.6) holds if and only if
from which we see that (4.6) is true if and only if (4.5) is. The proof is complete.
Remark 2. By a straightforward calculation, we obtain from Theorem 3 and Lemma B a sufficient coefficient bound for polyharmonic mappings which are convex of order β. Let F ∈ H 0 p be of the form (2.1). If
then F is convex of order β. In fact, this case is already covered by Theorem B.
Radii for starlikeness and convexity
In this section, we will first generalize the results [20, Theorems 3.1 and 3.3] to the polyharmonic mappings. The following identities, where r ∈ (0, 1), are used in the proofs of our results: (2j − 1)(j − 1).
Then F is univalent and starlike of order α in |z| < r 0 (α), where r 0 (α) is the smallest positive root of the equation
in the interval (0, 1). The result is sharp.
Proof. Let F r (z) := r −1 F (rz), where F ∈ H 0 p is of the form (2.1), and fix r ∈ (0, 1). Then
By the hypotheses, |a k,j | ≤ (2j − 1)(j − 1). By using these coefficient estimates and (5.1), we obtain
According to Remark 1, it suffices to show that S 0 ≤ 2. By the last inequality, S 0 ≤ 2 if r satisfies the inequality
Since s 0 (0) = 3 − 3α > 0 and s 0 (1) < 0, then exists a smallest positive root r 0 (α) of the equation s 0 (r) = 0 in the interval (0,1). In particular, F is sense-preserving, univalent and starlike of order α in |z| < r 0 (α). As in [20, Theorem 3.1], the mapping
shows that the bound given by r 0 (α) is the best possible.
Theorem 5. Under the hypothesis of Theorem 4, F ∈ H 0 p is univalent and convex of order β in the disk |z| < r 1 (β), where r 1 (β) is the smallest positive root of the equation
Proof. The proof of this result is similar to Theorem 4, where Remark 2 is used instead of Remark 1, and we omit it. The bound r 1 (β) given by (5.4) is again sharp, which can be seen by considering the mapping
see Figure 3 . Then, by [20, Theorem 3.3] , we see that the bound given by r 1 (β) is the best possible. 
Then F is univalent and starlike of order α in |z| < r 2 (α), where r 2 (α) is the smallest positive root of the equation
in the interval (0,1). The result is sharp.
Proof. Let F r (z) := r −1 F (rz), where F ∈ H 0 p is of the form (2.1), and fix r ∈ (0, 1). Then As in the proof of Theorem 4, under the hypothesis that |a k,j | + |b k,j | ≤ C and (5.1), we get
According to Remark 1, it suffices to show that S 1 ≤ 1. By the last inequality, S 1 ≤ 1 if r satisfies the following inequality:
Since s 1 (0) = 1 − α > 0 and s 1 (1) < 0, then exists a smallest positive root r 2 (α) of the equation s 1 (r) = 0 in the interval (0, 1). In particular, F is sense-preserving, univalent and starlike of order α in |z| < r 2 (α).
To prove the sharpness part of the statement, one may consider the mapping (5.7) f 2 (z) = z − Cz = β.
Therefore, the mapping f 3 will not be convex of order β in the disk |z| < r, where r > r 3 (β).
